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Abstract
In this paper we compute the real homotopy type of the space of arc-length parametrised closed curves in
Euclidean 3-space modulo orientation-preserving Euclidean motions. We "nd that this space has the same
cohomology ring as the space BS1sS1sS3sS5s2, although its homotopy type is di!erent. The moduli
space we study is a symplectic quotient of the loop space of S2 by SO(3). The zero level set of the moment map
in this case is homotopic to the loop space itself. ( 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction
Moduli spaces of polygons have been studied in [9, 11]. The moduli space is de"ned to be all
polygons in R3 of "xed side lengths, modulo orientation-preserving isometries of R3. These
polygon spaces may be obtained as weighted symplectic quotients of (S2)n by the diagonal action of
SO(3). Moreover, by extending a Kirwan, Kempf, Ness theorem relating symplectic quotients to
geometric invariant theory quotients, the polygons spaces may be identi"ed with a weighted
quotient of (S2)n by PS‚ (2, C), in the sense of [5].
These results have a continuum analog. Loosely speaking, as the number of sides of a closed
polygon goes to in"nity, we arrive at the space of arc-length parametrised closed curves in R3,
modulo orientation-preserving isometries of R3. Let us denote this space byM. This situation was
examined in [15]: as in the case of polygons, M may be identi"ed with the symplectic quotient of
the free (smooth) loop space of S2, ‚S2, by the action of SO (3). The authors de"ned stable and
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semi-stable loops by analogy with the corresponding "nite-dimensional notions for the polygons.
See also [12]. Again, they were able to obtain a Kirwan, Kempf, Ness theorem identifying the
symplectic quotient with the holomorphic quotient of stable loops by PS‚(2, C).
The purpose of this note is to compute the cohomology ring ofM. It is interesting to regardM as
a symplectic quotient. In "nite dimensions, there has been much recent work on the problem of
determining the cohomology rings of symplectic quotients. Suppose X is a ("nite-dimensional)
symplectic manifold acted on in a Hamiltonian way by a compact, connected Lie group G, with
moment map k. A typical approach to computing the cohomology ring of the symplectic quotient
when X is compact is to determine the kernel of the ring homomorphism Hf
G
(X) PHf
G
(k~1(0))
induced by the inclusion k~1(0)LX, since Kirwan has shown that this map is surjective [10].
When zero is a regular value of the moment map, then Hf
G
(k~1(0)) +Hf(k~1(0)/G). One interesting
aspect of our study is that in our case this map Hf
SO(3)
(‚S2)PHf
SO(3)
(k~1(0) ) turns out to be an
isomorphism.
It is also interesting to compare our results with [8], where the cohomology rings of moduli
spaces of polygons have been computed.
In [13], we show a cleaner way to calculate the equivariant cohomology of the loop space of
a compact KaK hler manifold endowed with a holomorphic Hamiltonian action of a compact,
connected Lie group such as appears in this paper. There we show that the Cartan complex of
equivariant di!erential forms is a formal di!erential graded algebra. This allows for e!ective
calculation using an &&equivariant'' bar complex.
The results we shall prove are:
Theorem 1.1. A minimal model forM is given by R(u, x, y), where deg u"2"deg y, deg x"1, and
du"0"dx, dy"ux.
Corollary 1.2. M has the same cohomology ring as the space BS1sS1sS3sS5s2. In particular,
all Betti numbers are equal to one.
In this paper we will generally be using de Rham cohomology with coe$cients in R.
2. The topology of M
2.1. Preliminaries
Our starting point is contained in [15]. Here we will give a brief review. We identify the circle
S1 with R/Z and equip R with the standard metric dt2. The moduli space we are considering is
M"Mr3C=(S1, R3) DrR (t) ' rR (t)"1N/E(3), (1)
where ' denotes the dot product on R3, and E (3)"R3 JSO(3) is the group of orientation-
preserving isometries of R3, acting on M by post-composition. Actually, to account for closed
curves of various lengths, we should consider the space R
`
]M. Since this is homotopic toM itself,
we shall henceforth restrict our attention to M.
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Let FLMr3C=(R, R3) DrR (t) ' rR (t)"1N be those r such that rR (t) is smoothly periodic of period 1
and r(0)"0. Then M"Mr3F Dr(1)"0N/SO(3).
Let ‚S2 denote the space of smooth maps from S1 to S2. ‚S2 is a FreH chet manifold, which carries
a weak symplectic form, and a complex structure, and is, moreover, a KaK hler manifold. Let c3‚S2,
and let u, v3„c‚S2"C(S1, c*„S2). If we view S2 as the unit sphere in R3, with ] denoting the
cross product in R3, then the symplectic form we are considering is a, where
ac(u, v)"P
1
0
c (t) ' (u (t)]v(t)) dt. (2)
It is easy to check that the action of SO(3) on ‚S2 by post-composition is Hamiltonian for the
symplectic form a. If we identify the Lie algebra so (3) with (R3, ]), and R3 with its dual, then the
moment map for this action is given by
k: ‚S2PR3, (3)
c>P
1
0
c(t) dt. (4)
Now notice that there is an SO(3)-equivariant homeomorphism e :FP‚S2 sending r(t) to rR (t).
Then r (1)"08k (e(r))"0. Hence we have identi"ed k~1(0)/SO(3) with M. Furthermore, it is
shown in [15] that k~1(0)L‚S2 is a smooth FreH chet submanifold, andM is also a smooth FreH chet
manifold with the quotient map p : k~1(0)PM being a smooth principal SO (3) bundle.
2.2. Topology of the symplectic quotient
Let us denote
X"Mr3C=(S1, R3) DrR (t) ' rR (t)"1N. (5)
Furthermore, let X
0
"Mr3X Dr(0)"0N. Then X+X
0
]R3 andM+X
0
/SO(3). Let Imm
0
(S1, R3)
denote smooth immersions u :S1PR3 such that u(0)"0.
Proposition 2.1. k~1(0)L‚S2 is a homotopy equivalence.
Proof. We have the following commutative diagram:
where the horizontal maps are inclusions, the left vertical map sends c to cR , and the right vertical
map sends c to cR /EcR E. Now, the left vertical map is a di!eomorphism by the arguments above. The
right vertical map is a weak homotopy equivalence by some work of Smale, [16]. We claim that the
bottom horizontal map is a homotopy equivalence. To see this, note that Diff `
0
(S1), the group of
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smooth di!eomorphisms of the circle preserving orientation and a base point, acts on
Imm1
0
(S1, R3)"Mc3Imm
0
(S1, R3) Dc has length 1N. Moreover, X
0
]Dif f `
0
(S1)+Imm1
0
(S1, R3). This
last statement follows since for every u3Imm1
0
(S1, R3) , there exists a unique gJ 3Dif f`
0
(S1) such
that u 3 gJ 3X0 . Then the map X0]Dif f`0 (S1)PImm10(S1, R3) given by (c, g)>cg has inverse
u>(ugJ , gJ ~1). Now, the inclusion Imm1
0
(S1, R3)LImm
0
(S1, R3) is a homotopy equivalence and the
group Dif f`
0
(S1) is contractible. Finally, since k~1(0) and ‚S2 have the homotopy type of CW
complexes, this weak homotopy equivalence between them is in fact a homotopy equivalence. K
Corollary 2.2. M is homotopy equivalent to the Borel construction on ‚S2 :MKESO(3)]
SO(3)
‚S2.
Proof. We show that the inclusion ESO(3)]
SO(3)
k~1(0)LESO(3)]
SO(3)
‚S2 is weak homotopy
equivalence. Since these spaces have the homotopy type of CW complexes, and SO(3) acts freely on
k~1(0), this will complete the proof of the proposition.
Let us suppose we have a continuous based map of pairs
f : (Dn, Sn~1, p)P(ESO(3)]
SO(3)
‚S2, ESO(3)]
SO(3)
k~1(0), b). (6)
Then there exists a lift
h : (Dn, Sn~1, p)P(ESO (3)]‚S2, ESO(3)]k~1(0), c) (7)
such that n 3 h"f, where n is the projection
n : ESO(3)]‚S2PESO(3)]
SO(3)
‚S2. (8)
Now h is a pair of maps (h
1
, h
2
) into the product. By homotoping h
2
as in the above proposition, we
thus homotope h to a map whose projection with n is homotopic to f rel Sn~1 and which maps into
ESO(3)]
SO(3)
k~1(0). K
Let XS2 denote the space of (smooth) based loops in S2.
Corollary 2.3. MKESO(2)]
SO(2)
XS2 is a homotopy equivalence.
Proof. Notice that )S2 is a global slice for the SO (3) action on ‚S2, namely,
SO(3)]
SO(2)
XS2+‚S2. K (9)
Thus we can "nd a minimal model for M by determining the minimal model for ES1]
SÇ
XS2.
The latter is given by R(u, x, y), the free graded commutative algebra on generators u, x, y of
degrees 2,1,2, respectively. This is due to a theorem of Grivel, Halperin, and Thomas, see [1]. We
apply this theorem to the "bration
XS2PES1]
SÇ
XS2PBS1. (10)
The algebra R(u, x, y) is really M
BSÇ
?MXSÈ, where MY denotes a minimal model for >. The
di!erential, d, on this algebra operates in the following way: du"0, dx"au, dy"bux, where a, b
are constants. We may determine these constants by computing the "rst few cohomology groups of
Hf
SÇ
(XS2). This we shall do in the following section.
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Remark. From the symplectic/algebrogeometric point of view, it is interesting to compareM with
the "nite-dimensional quotient of (P1)n by PS‚(2, C). Here we have PS‚(2, C) acting on ‚S2. In
[12, 15], (semi) stable loops are de"ned to those c3‚S2 such that for all points p3S2, the Lebesgue
measure of the set c~1(p) is less than (or equal to) 1/2. Note that this is a continuum analog of the
stability condition for the "nite-dimensional case. It is shown that the geometric invariant theory
quotient, that is, (‚S2)s/PS‚(2, C), is di!eomorphic to the symplectic quotient k~1(0)/SO(3). Here,
(‚S2)s denotes the stable loops. A key ingredient in the proof is the conformal center of mass, as
de"ned by Douady and Earle [6].
It turns out that we may also use the conformal center of mass to show that k~1(0) is homotopy
equivalent to (‚S2)s. Thus far, all of this is analogous to the "nite-dimensional situation, see for
example [10]. The di!erence we encounter by looking at the loop space is that (‚S2)s is homotopic
to ‚S2. This we may prove by classical arguments involving Thom transversality.
3. Computing the equivariant cohomology
We shall compute Hf
SÇ
(XS2) with real coe$cients using the Cartan complex of equivariant
di!erential forms:
MR[u]?A
inv
(XS2); d#un
X
N, (11)
where u is an indeterminate of degree 2, n
X
is interior product with the fundamental vector "eld, X,
of the S1 action, andA
inv
denotes the subcomplex of the de Rham complex consisting of invariant
di!erential forms. For more details, see for example [2, 14].
We may view this complex as a "rst quadrant double complex, Cp,q, with Cp,q :"up?Aq~p
inv
(XS2).
We shall give it the "ltration: FpCf :"a
p{*p
Cp{,q, so that we take vertical(d) cohomology "rst in
the resulting spectral sequence. Since Hf(A
inv
, d)+Hf(A, d ), we obtain
Ep,q
1
+up?Hq~p(XS2). (12)
It is well known that
Hf(XS2)+R(x, y) deg x"1, deg y"2, (13)
where R(x, y) denotes the free graded commutative algebra on the generators x, y. See, for
example, [3]. However, to "nd di!erential forms representing x, y, we turn to Chen's theory of
iterated integrals. We shall brie#y review this theory as it is presented in [7].
3.1. Iterated integrals
Let us consider a bar complex on Af(S2):
B(Af(S2)) :" =a
k/0
R?Af (S2)ck?R. (14)
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Here R is an Af(S2)-bimodule via the augmentation which evaluates functions at a chosen
basepoint of S2. An element (m, u
1
, 2, uk , n)3B(A
f(S2)) has the following degree:
deg(m, u
1
,2, uk , n)"deg u1#2#deguk!k. (15)
There are two di!erentials of total degree #1:
b
0
(m, u
1
, 2 , uk , n)"+ki/1
(!1)ei~1`1(m, u
1
, 2 , ui~1, dui, ui`1, 2 , uk , n), (16)
b
1
(m, u
1
, 2 , uk , n)"!(mu1, u2, 2 , uk , n) (17)
#+k~1
i/1
(!1)ei`1(m, u
1
,2, ui~1, uiui`1, ui`2, 2 , uk, n) (18)
#(!1)ek`1(m, u
1
, 2 , uk~1, ukn), (19)
where e
i
"deg u
1
#2#deg ui!i. Then b0b1#b1b0"0, and we put b :"b0#b1 to be the
total di!erential. We wish actually to consider a normalised version of this complex. If f3A0(S2),
let S
i
( f ) be the operator on B (Af(S2) de"ned by S
i
( f ) (m, u
1
,2, uk , n)"(m, u1,2, ui~1, f, ui,
2, uk, n) for 1)i)k. Let D be the subspace of B(A
f(S2)) generated by the images of S
i
( f ) and
bS
i
( f )!S
i
( f )b. Then de"ne N(Af(S2)) :"B(Af(S2))/D. One proves B and N have the same
cohomology.
Next, we discuss the iterated integral map. If c3XS2, then c :S1PS2. Let c5 (t) denote (d/dt)c(t),
where t is the circle parameter. The iterated integral map is given by
N(Af(S2)) p"Af(XS2, d ), (20)
(u
1
,2, uk)>P*
k
nc5 u1(t1)'2'nc5 uk(tk) dt12dtk, (21)
where u(t)"e*
t
u with e
t
: XS2PS2 the evaluation map at time t, and D
k
"M(t
1
,2, tk)3Rk D
0)t
1
)2)tk)1N. The essential theorem is the following:
Theorem 3.1. „he iterated integral map, p, is a map of complexes inducing an isomorphism on
cohomology.
Since S2 is a formal space, we may replaceAf(S2) by the cohomology Hf(S2) in the bar complex
to compute the cohomology. We omit the calculation, but the reader may consult [4]. One "nds
that Hf(XS2) is generated by (u) in degree one, and by (u, u) in degree two, where u is the standard
volume form on S2.
Applying the iterated integral map, we "nd that Hf
DR
(XS2) is generated by the following
forms: x :"p (u), and y :"p(u, u). Let c3XS2, and let u, u
1
, u
2
3„c(XS2) be tangent vectors
at c. Note that a tangent vector u, at c, can be viewed as a smooth section of c*„S2 such
that u(0)"0. A tangent vector is thus a loop of tangent vectors to S2. Then x, y are given
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by the following:
xc(u)"P
1
0
uc(t) (cR (t), u(t)) dt, (22)
yc(u1, u2)"P*2
uc (tÇ)
(cR (t
1
), u
1
(t
1
))uc (tÈ)
(cR (t
2
), u
2
(t
2
)) (23)
!uc (tÇ)
(cR (t
1
), u
2
(t
1
))uc (tÈ)
(cR (t
2
), u
1
(t
2
)) dt
1
dt
2
. (24)
3.2. The spectral sequence
We return to the spectral sequence above. To perform calculations, we shall view S2 as the unit
sphere embedded in R3. We shall write Me
1
, e
2
, e
3
N for the standard basis of R3, and use the
symplectic form u
a
(b, c)"a ' (b]c) for a3S2, b, c3„S2LR3, where ' is the dot product, and
] is the cross product.
Let X denote the fundamental vector "eld on XS2 of the S1 action. Then Xc(t)"e3]c(t). Owing
to the product structure on the spectral sequence, to compute E
2
, it su$ces to compute n
X
x and n
X
y.
(It is easy to see that x and y are invariant for the S1 action.) Now, sinceL
X
x"0, n
X
x is a d-closed
function on XS2, hence a constant. Since X is zero at the "xed point of the action (the constant loop
at the basepoint), we see that n
X
x"0. That is, in the spectral sequence, d
1
([x])"0.
Straightforward calculation yields that
(n
X
y)c (u)"2xc(u)!2P
1
0
(c (t) ' e
3
) uc(t) (cR (t), u (t)) dt . (25)
Let f : S2PR be the moment map for the S1 action on S2. That is f (p)"p ' e
3
. Consider the
diagram:
where ev and n are the obvious evaluation and projection maps. Then it is easy to see that
n
*
ev*fu":1
0
(c (t) ' e
3
)uc(t) (cR (t), u (t)) dt, where n* denotes integration in the "ber. Now fu is an
exact form on S2, so n
*
ev*fu is an exact form on XS2, since pullback of forms and integration in the
"ber commute with d. So we "nd that in E
1
of the spectral sequence, d
1
([y])"2u[x]. Hence
Ep,q
2
+R for p"0, q"odd or p"q, and is zero otherwise. Evidently, Ep,q
2
+Ep,q
=
for p#q)2.
Thus the "rst three betti numbers of M are 1: b
0
"b
1
"b
2
"1.
It follows that a minimal model for ES1]
SÇ
XS2 is given by R(u, x, y) where deg u"2"deg y,
deg x"1, and du"0"dx, dy"ux. Now Corollary 2.3 implies Theorem 1.1.
Remark. We can read the real homotopy type of ES1]
SÇ
XS2 o! of its minimal model, since this
space is a connected nilpotent space, meaning that n
1
is a nilpotent group acting nilpotently on
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n
n
for n*2. To see this, note that the "xed point of the S1 action on XS2 determines a section, s, of
the "bration XS2PES1]
SÇ
XS2 nPBS1. Then the long exact sequence in homotopy splits into
short exact split sequences
0Pn
k
(XS2) iPn
k
(ES1]
SÇ
XS2) sH
n
n
k
(BS1)P0. (26)
Hence Z+n
1
(XS2) + n
1
(ES1]
SÇ
XS2), and every element of n
k
(ES1]
SÇ
XS2) may be written
i (a)#s(b) for a3n
k
(XS2), and b3n
k
(BS1). Now XS2 is an H-space, and BS1 is simply-connected,
so the action of n
1
on their higher homotopy groups is trivial. By naturality of this action, we may
conclude that n
1
(ES1]
SÇ
XS2) acts nilpotently on the higher homotopy groups of ES1]
SÇ
XS2.
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